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Abstract
We analyze the effect of stochastic survival of children on fertility decision in a dynastic
utility model where saving, so to speak, can only be made through having children, the
number of which is an endogenous decision to the household. In our stochastic framework
where the rate of population change undergoes a process of Brownian motion, the probability
distribution of the steady state is well determined, and saving via the number of offsprings
incorporates a precautionary component. Any health care assistance proposed to reduce the
variance of the Brownian process, for example, to reduce the risk of premature infantile
mortality, would have a negative effect on the fertility rate and a positive effect on the per
capita consumption in the long run.
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Lw lv zhoo nqrz wkdw ryhu0srsxodwlrq lv d vljql￿fdqw sureohp iru wkh ghyhorsphqw ri
ohvv ghyhorshg frxqwulhv +OGF,1 Iru wklv uhdvrq/ lqwhuqdwlrqdo dlg surjudpv dlplqj
wr uhgxfh lqidqwloh pruwdolw| frxog kdyh dgyhuvh h￿hfwv li wklv uhgxfwlrq ohdgv wr
ixuwkhu srsxodwlrq jurzwk1 Exloglqj rq uhfhqw zrun lq hqgrjhqrxv ihuwlolw| +vhh
Wdpxud +5333,,/ wklv sdshu suhvhqwv d prgho ri ihuwlolw| ghflvlrqv lq d vwrfkdvwlf
hqylurqphqw1 Rxu frqfoxvlrq lv wkdw d uhgxfwlrq ri lqidqwloh pruwdolw| zrxog eh
ehqh￿fldo/ dv lw zrxog dfwxdoo| ohdg wr orzhu srsxodwlrq jurzwk1 Lq idfw/ lq wklv
prgho/ fkloguhq shuirup wkh uroh ri suhfdxwlrqdu| vdylqjv1 Uhgxflqj pruwdolw|
zrxog uhgxfh wkh qhhg iru vxfk vdylqjv/ ohdglqj wr orzhu srsxodwlrq jurzwk
Wklv sdshu lv rujdql}hg dv iroorzv= wkh qh{w vhfwlrq ghvfulehv wkh prgho> wkh
wklug vhfwlrq suhvhqwv d vroxwlrq wr wkh prgho zkhq wkh udwh ri wlph suhihuhqfh lv
}hur/ lw dovr jlyhv wkh pdlq uhvxow ri wklv sdshu zklfk lpsolhv wkdw d ghfuhdvh lq
wkh yduldqfh ri wkh srsxodwlrq jurzwk surfhvv zloo ghfuhdvh ihuwlolw| dqg hqkdqfh
wkh shu fdslwd frqvxpswlrq dw wkh vwhdg| vwdwh htxloleulxp> dqg wkh odvw vhfwlrq
r￿huv vrph frqfoxglqj uhpdunv1
51 Wkh Prgho
Wkh prgho frqvlghuhg khuh lv wkh frqwlqxrxv wlph yhuvlrq ri wkh Eduur0Ehfnhu4
g|qdvwlf xwlolw| iudphzrun vxjjhvwhg e| Eduur dqg Vdod0l0Pduwlq +4<<8,1 Lq wklv













zkhuh ￿| lv wkh dgxow srsxodwlrq dw wlph |/ S| lv wkh frqvxpswlrq dw wlph |/ " lv
wkh ghjuhh ri dowuxlvp zklfk kdv d frqvwdqw hodvwlflw| zlwk uhvshfw wr wkh qxpehu
ri r￿vsulqj dqg ￿*j lv wkh hodvwlflw| ri lqwhu0whpsrudo vxevwlwxwlrq1 Ilqdoo|/ 4 lv
wkh udwh ri wlph suhihuhqfh￿
Zh vxssrvh d vlpsoh surgxfwlrq surfhvv zklfk uhtxluhv hvvhqwldoo| wkh xvh ri
oderxu/ lwv vxsso| ghshqgv rq djhqw*v ihuwlolw| ghflvlrqv1 Wkh djjuhjdwh surgxfwlrq
lq wkh hfrqrp| fdq eh zulwwhq dv 8Euc￿|￿ zkhuh u uhsuhvhqwv d idfwru dydlodeoh
lq ￿{hg txdqwlw|/ vd| odqg/ dqg ￿|c wkh dgxow srsxodwlrq ehlqj xvhg dv oderxu1 Dw
hdfk shulrg/ surgxfwlrq lv doorfdwhg ehwzhhq frqvxpswlrq dqg wkh frvw ri kdylqj
4Vhh Ehfnhu dqg Eduur +4<;;, dqg Eduur dqg Ehfnhu +4<;<,1?| fkloguhq/ zklfk lqfoxghv sduhqwdo wlph/ hgxfdwlrq/ irrg/ hwf1 Lq rughu wr vlpsoli|








Li zh frqvlghu wkh pdujlqdo frvw ri kdylqj rqh fklog/ K/ dv frqvwdqw/ zh kdyh wkh
iroorzlqj uhvrxufhv frqvwudlqw dw wlph |=
￿￿
￿
| ’ ￿|S| n K￿|?|￿ +516,
Lq d ghwhuplqlvwlf iudphzrun/ vlqfh
u
￿| ’ E?|￿￿￿￿|/ htxdwlrq +516, fdq eh zulwwhq













Olih dqg ghdwk/ krzhyhu/ duh qrw pdwwhuv ri fhuwdlqw|1 D fklog lq rxu prgho lv
idfhg zlwk vrph suredelolw| ri suhpdwxuh ghdwk/ dvvxphg wr eh ￿ ￿ Rc zkhuh/
iru vlpsolflw|/ f ￿R￿￿ lv d frqvwdqw dqg uhsuhvhqwv wkh suredelolw| ri vxu0








_| zkhuh q ’ K*R fruuhvsrqgv wr wkh h{shfwhg frvw ri d
vxuylylqj fklog1 Ehfdxvh doo dgxowv glh gxulqj wkh shulrg/ ￿ ￿ R zloo eh lghqwl￿hg
dv lqidqwloh pruwdolw|1 Dvvxph e| qrz wkdw srsxodwlrq jurzwk xqghujrhv d vwr0
fkdvwlf surfhvv zlwk d phdq ri . d_￿|o dqg d yduldqfh zklfk lv sursruwlrqdo wr wkh
qxpehu ri olylqj shrsoh T@ od_￿|o’1￿|_|￿ Wklv ixqfwlrqdo irup ri wkh yduldqfh
lpsolhv wkdw wkh vxuylydo surfhvvhv ri fkloguhq duh doo pxwxdoo| lqghshqghqw1 Wklv
dvvxpswlrq uxohv rxw wkh srvvlelolw| ri hslghplrorjlfdo idfwruv1 Wkh fruuhvsrqglqj














zkhuh _~ q ￿Efc_|￿ lv d Eurzqldq prwlrq1
Wkh sureohp iru dq lqglylgxdo olylqj dw wlph | lv wr fkrrvh klv frqvxpswlrq/ S|/
dqg klv qxpehu ri r￿vsulqj/ ?|/ xqghu wkh exgjhw frqvwudlqw +518,1 Vlqfh klv xwlolw|
5Zh dvvxph wkdw/ dw wlph w/ wkh djhqw fkrrvhv wr kdyh qw fkloguhq dqg wkdw wkh pruwdolw| udwh
lv htxdo wr 4 vr wkdw hdfk djhqw olyhv mxvw wzr shulrgv1 Iru wkh ￿uvw shulrg wkh| duh fkloguhq dqg
gxulqj wkh vhfrqg/ wkh| duh dgxowv r￿hulqj rqh xqlw ri oderxu1 Lq wklv frqwh{w/ wkh srsxodwlrq
jurzwk udwh ehfrphv qw ￿ 41
5ghshqgv qrw rqo| rq klv rzq frqvxpswlrq exw dovr rq wkh zhoo ehlqj ri doo ri klv gh0
vfhqgdqwv/ wklv uhfxuuhqw uhodwlrqvkls doorzv xv wr vxevxph xwlolwlhv ri lpphgldwh
ghvfhqgdqwv dv zhoo dv doo hqvxlqj ghvfhqgdqwv lq d vlqjoh sdwuldufk*v xwlolw| ixqf0
wlrq +514,1 Qrwh wkdw wklv ixqfwlrq vdwlv￿hv wkh Vwurw}0frqvlvwhqf| uhtxluhphqw/
wkhuhiruh doo lqglylgxdo ghflvlrqv frxog eh vwxglhg e| h{dplqlqj wkh sdwuldufk*v
ghflvlrqv uhjduglqj wkh qxpehu ri r￿vsulqj dqg wkh frqvxpswlrq vwuhdp ryhu wkh






















zklfk lv d vwrfkdvwlf sodqqlqj sureohp1
61 Hqgrjhqrxv Srsxodwlrq xqghu Vwrfkdvwlf Jurzwk
Lq wklv vhfwlrq/ zh zloo dqdo|}h wkh vroxwlrq ri rxu sureohp +519,1 Iru wklv sxusrvh/
zh vkdoo xvh wkh dqdo|wlfdo dssdudwxv surylghg e| Erxujxljqrq +4<:7, dqg Phuwrq
+4<:8/ 4<<3,1 Zh ￿uvw ghulyh wkh suredelolw| ghqvlw| ixqfwlrq ri wkh srsxodwlrq dw
wkh vwrfkdvwlf vwhdg| vwdwh/ wkhq xvh lw wr ￿qg wkh rswlpdo vwrfkdvwlf frqvxpswlrq
ixqfwlrq1
Iru wkh vwrfkdvwlf surfhvv +518,/ ohw wkh wudqvlwlrq suredelolw| eh
CE￿c|￿’￿ hd ￿| ￿ ￿ m ￿fo￿ +614,
zkhuh ￿ lv udqgrp1 Zh pdnh wkh dvvxpswlrq wkdw CE￿c|c￿f￿ kdv d frqglwlrqdo
suredelolw| ghqvlw| } E￿c|c￿f￿ zklfk lv zhoo gh￿qhg rq wkh lqwhuydo dfc4￿1
Iroorzlqj forvho| Phuwrq +4<<3/ s 9340937,/ wkh yduldwlrq ri wkh suredelolw|

























6Lw lv wkhruhwlfdoo| srvvleoh wr rewdlq d ixoo ghvfulswlrq ri wkh surfhvv ryhu wkh wlph






Rq wkh rwkhu kdqg/ li wkh vwrfkdvwlf vwhdg| vwdwh h{lvwv/ } E￿c|c￿f￿ ehfrphv wlph
lqghshqghqw1 Ohw xv ghqrwh wkh suredelolw| ghqvlw| ixqfwlrq dw wkh vwrfkdvwlf













































Pdqgo +4<9;,6 vwdwhv d wkhruhp rq wkh h{lvwhqfh ri wkh vwrfkdvwlf vwhdg| vwdwh1
Wklv wkhruhp dvvxphv wkdw wkh erxqgdulhv ri wkh glvwulexwlrq duh lqdffhvvleoh1
Wklv phdqv wkdw *￿4%<f ￿hd￿| ￿ %o ’fdqg *￿4%<" ￿hd￿| ￿ %o ’f 1 Lqwxlwlyho|/
li *￿4%<"￿hd￿| ￿ %o 9’f / wkhuh zloo eh qr vwrfkdvwlf vwhdg| vwdwh ehfdxvh ￿ ’ 4
ehfrphv dq devruelqj erxqg1 Rq wkh rwkhu kdqg/ li *￿4%<f ￿hd￿| ￿ %o 9’f / wkhuh
zloo h{lvw d e | vxfk dv ￿| ’f c ;| ￿ e |/ d ghjhqhudwh fdvh qrw frqvlghuhg lq wklv
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+619,
Wkhvh wkuhh frqglwlrqv vwlsxodwhg dv +619, lpso| wkdw 62 ’fdqg 6￿ 9’f 1Z h
qrz rewdlq=
6Txrwhg e| Erxujxljqrq +4<:7,= Pdqgo/ S1 +4<9;,/ Rqh Glphqvlrqdo Pdunry Surfhvvhv/ Glh
Juxqgohkuhq ghu Pdwkhpdwlvfkhq Zlvvhqvfkdiwhq/ Edqg 484/ Sudjxh
7Lw lv srvvleoh wr kdyh Q @3dv dq dffhvvleoh erxqg dqg xqghu vrph frqglwlrqv iru zklfk d
vwrfkdvwlf vwhdg| vwdwh vwloo h{lvwv1 Erxujxljqrq +4<:7, jlyhv d glvfxvvlrq rq wkrvh frqglwlrqv1
7Ohppd 6141 Xqghu +619,/ wkh srsxodwlrq dw wkh vwrfkdvwlf vwhdg| vwdwh kdv wkh












zkhuh 6 lv vxfk wkdw
U "
f } E￿￿_￿ ’￿ 1
Jlyhq wkh suredelolw| ghqvlw| ixqfwlrq ri wkh srsxodwlrq dw wkh vwrfkdvwlf
vwhdg| vwdwh/ zh fdq ￿qg dq dv|pswrwlf dssur{lpdwlrq ri wkh frqvxpswlrq ixqf0
wlrq1 Iru d sureohp lq zklfk wkh xwlolw| ixqfwlrq lv wlph lqghshqghqw/ Phuwrq
+4<:8, kdv vkrzq wkdw vroylqj wkh vwrfkdvwlf sureohp ryhu wkh lq￿qlwh wlph krul0





81 E| vroylqj wklv sureohp/ zh
rewdlq e SE￿￿ zklfk lv wkh rswlpdo frqvxpswlrq uxoh dw wkh vwrfkdvwlf vwhdg| vwdwh
iru d wlph lqghshqghqw xwlolw| ixqfwlrq1
Li zh dvvxph wkdw xwlolw| lv wlph lqghshqghqw/ zh fdq surylgh dq dqdo|wlfdo
vroxwlrq wr wkh sureohp1 Lq wklv iudphzrun/ Phuwrq*v uhvxow whdfkhv xv wkdw wkh














vxemhfw wr ] "
f
} E￿￿_￿ ’￿ ￿
Gh￿qlqj ￿E￿￿’
U ￿ ￿+￿3+SE+￿3q+








ryhu/ qrwh wkdw ￿￿ E￿￿’￿￿￿3￿￿SE￿￿￿q dqg ￿￿￿ E￿￿’E￿ ￿ ￿￿￿￿￿321Z hf d q

































8Vhh dovr Phuwrq +4<<3/ s 8<508<;, rq d oxflg dffrxqw ri wkh vwrfkdvwlf Udpvh| sureohp1


























































Zh qrz hvwdeolvk wkh iroorzlqj=
Sursrvlwlrq 6151 Wkh vwrfkdvwlf surfhvv ri srsxodwlrq jurzwk eulqjv derxw d
suhfdxwlrqdu| frpsrqhqw ri wkh vdylqj udwh lq whupv ri r￿vsulqjv eh|rqg lwv
fhuwdlqw|0htxlydohqw ohyho1







wkh ghulydwlyh lq htxdwlrq +6143, dqg vxevwlwxwlqj iru ￿￿ E￿￿/ ￿￿￿ E￿￿ dqg b/z h

































Lqvwhdg ri vroylqj +6146, iru e SE￿￿/ zh jhw vrph xvhixo lqirupdwlrq e| forvho| h{dp0
lqlqj wklv htxdwlrq dw wkh fhuwdlqw| htxlydohqw srsxodwlrq1 Ohw xv gh￿qh wkh fhu0












’ ￿ h ￿




zkhuh/ fohduo|/ wkh frqvxpswlrq lv uhgxfhg e| wkh odvw whup ri wkh uljkw kdqg
vlgh1 Wkxv wkh fhuwdlqw| htxlydohqw udwh ri vdylqj vkrxog eh lqfuhdvhg e| wkh
9vdph dprxqw/ zklfk fruuhvsrqgv wr wkh suhfdxwlrqdu| prwlyh lq d vwrfkdvwlf
hqylurqphqw1




’ ￿ h ￿￿3￿￿q1 Wklv phdqv wkdw zkhq wkh yduldqfh
ri wkh vwrfkdvwlf surfhvv ydqlvkhv dqg wkh suredelolw| ri vxuylydo htxdov 4/ zh kdyh
h{dfwo| wkh vdph frqvxpswlrq uxoh rewdlqhg iru wkh ghwhuplqlvwlf vwhdg| vwdwh91
Iurp htxdwlrq +6147,/ rqh fdq hdvlo| vhh wkdw/ ehvlgh wkh lqfuhdvh ri wkh fkloguhq
vxuylydo suredelolw|/ dq| ghfuhdvh lq wkh yduldqfh ri wkh vwrfkdvwlf surfhvv 1 zloo
lqfuhdvh wkh shu fdslwd frqvxpswlrq dw wkh vwrfkdvwlf vwhdg| vwdwh1 Zkhqhyhu dq
lqfuhdvh lq khdowk fduh lv dlphg dw uhgxflqj wkh yduldqfh ri wkh vwrfkdvwlf surfhvv/
iru h{dpsoh wkh lqwhuqdwlrqdo dlg fduulhg rxw vshfl￿fdoo| wr glplqlvk wkh ulvn ri
lqidqwloh pruwdolw|/ lw zloo lqgxfh d ghfuhdvh lq wkh hqgrjhqrxv ihuwlolw| dqg dq
lqfuhdvh lq wkh shu fdslwd frqvxpswlrq1 Wkxv/ wkh ihdu wkdw lqwhuqdwlrqdo dlgv lq
khdowk fduh surylghg wr wkh OGF frxog h{dfhuedwh wkh srsxodwlrq suhvvxuh zklfk/
riwhq wkrxjkw wr lpshgh wkh ghyhorsphqw surfhvv/ lv qrw dozd|v mxvwl￿hg1
71 Frqfoxglqj Uhpdunv
Zkhq fkloguhq frqvwlwxwh wkh vroh dvvhw lq wkh nlqg ri hfrqrp| frqvlghuhg lq wklv
sdshu +zkhuh ihuwlolw| ghflvlrq lv hqgrjhqrxv,/ vdylqj lq whup ri r￿vsulqj zloo eh
orzhuhg li suhfdxwlrqdu| prwlyhv zrxog eh uhgxfhg1 Zlwk d Eurzqldq surfhvv ri
srsxodwlrq jurzwk/ wklv frxog eh grqh wkurxjk dq| h￿ruw wkdw ghfuhdvhv wkh ydul0
dqfh ri wklv surfhvv1 Lqwhuqdwlrqdo dlgv vshfl￿fdoo| dlphg dw uhgxflqj wkh yduldqfh
ri lqidqwloh pruwdolw| udwh lq wkh OGF pd| eh d jrrg h{dpsoh iru vxfk fdvhv/
hqwluho| mxvwl￿hg rq wkh jurxqg wkh| surprwh d orzhu srsxodwlrq jurzwk dqg d
kljkhu frqvxpswlrq ohyho lq wkh orqj uxq htxloleulxp vwdwh1 Lq wkdw shuvshfwlyh/
wkh| duh frpsdwleoh zlwk wkh remhfwlyh ri sryhuw| uhgxfwlrq lq wkh Wklug Zruog1
\hw/ dv vxfk/ wklv odwwhu remhfwlyh uhtxluhv pxfk pruh ylvlrq dqg srolf| lqwhuyhq0
wlrqv zlwk uhjdug wr wkh surfhvv ri ghyhorsphqw dqg lqgxvwuldolvdwlrq zklfk eulqjv
dq hfrqrp| iurp vwdjh wr vwdjh dv vxjjhvwhg lq wkh uhfhqw zrun e| Jdoru dqg Zhlo
+5333,1 Lq wkh wudqvlwlrq wr prghuq zruog/ wkh OGF vkrxog frqvlghu pdq| lvvxhv/
lq sduwlfxodu wkh fkrlfhv dvvrfldwhg wr Whfkqrorj| Wudqvihuv dqg wkh vzlwfk wr
Kxpdq dqg Nqrzohgjh Fdslwdo dffxpxodwlrq1
9Iurp +517,/ zh fdq hdvlo| vhh wkdw li
gQw
gw @3 /z hk d y hf4 @ DQ￿￿4
4 ￿ e1 Uhfdoo dovr wkdw
￿ @ e@s zklfk lpsolhv wkdw li s @4 /z hk d y h￿ @ e1
:Uhihuhqfhv
^4‘ Eduur/ U1M1 dqg J1V1 Ehfnhu +4<;<,/ Ihuwlolw| Fkrlfh lq d Prgho ri Hfrqrplf
Jurzwk/ Hfrqrphwulfd/ 8:/ 7;408341
^5‘ Eduur/ U1M1 dqg [1 Vdod0l0Pduwlq +4<<8,/ Hfrqrplf Jurzwk/ PfJudz0Kloo1
^6‘ Ehfnhu/ J1V1 dqg U1M1 Eduur +4<;;,/ D Uhirupxodwlrq ri wkh Hfrqrplf Wkhru|
ri Ihuwlolw|/ Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 436/ 40581
^7‘ Erxujxljqrq/ I1 +4<:7,/ D Sduwlfxodu Fodvv ri Frqwlqxrxv0Wlph Vwrfkdvwlf
Jurzwk Prghov/ Mrxuqdo ri Hfrqrplf Wkhru|/ </ 474048;1
^8‘ Jdoru/ R1 dqg G1 Zhlo +5333,/ Srsxodwlrq/ Whfkqrorj|/ dqg Jurzwk= iurp
Pdowkxvldq Vwdjqdwlrq wr wkh Ghprjudsklf Wudqvlwlrq dqg Eh|rqg/ Dphulfdq
Hfrqrplf Uhylhz/ <3/ ;390;5;1
^9‘ Phuwrq/ U1F1 +4<:8,/ Dq Dvv|pswrwlf Wkhru| ri Jurzwk Xqghu Xqfhuwdlqw|/
Uhylhz ri Hfrqrplf Vwxglhv/ 75/ 6:806<61
^:‘ Phuwrq/ U1F1 +4<<3,/ Frqwlqxrxv0Wlph Ilqdqfh/ Eodfnzhoo1
^;‘ Wdpxud/ U1 +5333,/ Jurzwk/ Ihuwlolw| dqg Kxpdq Fdslwdo= D Vxuyh|/ Vsdqlvk
Hfrqrplf Uhylhz/ 5/ 4;6055<1
;